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Abstract Auslander conjectured that every Artin algebra satisfies a certain condi- 
^< . tion on vanishing of cohomology of finitely generated modules. The failure of this 

conjecture — by a 2003 counterexample due to Jorgensen and §ega — motivates the 
f~| . consideration of the class of rings that do satisfy Auslander's condition. We call 

them AC rings and show that an AC Artin algebra that is left-Gorenstein is also 
right-Gorenstein. Furthermore, the Auslander-Reiten Conjecture is proved for AC 
rings, and Auslander's G-dimension is shown to be functorial for AC rings that are 
commutative or have a dualizing complex. 
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Q ■ Introduction 

oo ■ 

■ The studies of algebras and modules by methods of homological algebra pivot around 

cohomology groups and functors — in particular, their vanishing. The conjecture of 
. , Auslander we refer to in the abstract asserts that every Artin algebra satisfies the 

r> \ condition (AC) defined below. Auslander's conjecture is stronger than the Finitistic 
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Dimension Conjecture and several other long-standing conjectures for finite dimen- 
sional algebras — including the Auslander-Reiten and Nakayama Conjectures; see lU 
ch. V], |21 1, and [42 J. In [291 Jorgensen and §ega exhibit a finite dimensional alge- 
bra that fails to satisfy (AC), thereby overturning Auslander's conjecture. This makes 
relevant a subtle point: one knows that if all finite dimensional algebras had satisfied 
(AC), then they would all have finite finitistic dimension, but it is not known if a 
given algebra that satisfies (AC) must have finite finitistic dimension. What is known, 
is that a finite dimensional algebra A over a field k has finite finitistic dimension if 
the enveloping algebra A** = A ®<;A° satisfies (AC); see ET\ sec. 1]. 

Such observations motivate the study of AC rings, that is, left-noetherian rings A 
that satisfy Auslander's condition on vanishing of cohomology: 

(AC) For every finitely generated left A-module M there exists an integer b/n ^0 such that for every 
finitely generated left A-module W one has: Extf^{M,N) = Oimplies Ext^*"(M,A') =0. 

For certain commutative rings this study was initiated by Huneke and Jorgensen ||23l . 
In this paper we give special attention to problems from Auslander's work in repre- 
sentation theory — including the conjectures mentioned above. 

* * * 

Auslander and Reiten conjectured [i4j that a finitely generated module M over an 
Artin algebra A is projective if Ext^ (M,M) = = Ext^ (M, A ) for all i^ I. See Ap- 
pendix A for a brief survey of this and related conjectures. To facilitate the discussion, 
we distinguish between conjectures (about all algebras) and conditions (on a single 
algebra). Consider the following condition on a left-noetherian ring A: 

(ARC) Every finitely generated left A -module A/ with Extl"' (M.Mffi A) = Ois projective. 

The Auslander-Reiten Conjecture can now be restated as "All Artin algebras satisfy 
(arc)". At the level of conjectures, Auslander's conjecture is stronger than the Fini- 
tistic Dimension Conjecture, and that one implies the Auslander-Reiten Conjecture. 
Thus, had all algebras satisfied (AC), then one would know that all algebras satisfy 
(arc). Theorem A below gives new insight at the level of conditions: it implies that 
any given AC ring satisfies (ARC). Our proof of Theorem A avoids considerations 
of finitistic dimensions, and it remains unknown if every AC Artin algebra has finite 
finitistic dimension. 

Theorem A Let A be a left-noetherian ring that satisfies (AC), and letM be a finitely 
generated left A-module. If one has Ext>>" (M,M) = and Ext|' (M,A) = 0, then M 
is projective. 

This theorem is a special case of our main result l2.3l Notice that the vanishing condi- 
tions imposed on M in Theorem A appear to be weaker than those in the Auslander- 
Reiten Conjecture; we discuss this in l2.4l 

It is an open question — also due to Auslander and Reiten fS) — whether an Artin 
algebra is left-Gorenstein if and only if it is right-Gorenstein. This is known as the 
Gorenstein Symmetry Question; the next partial answer is proved in l3.2l and l3.5l 
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Theorem B Let A be a two-sided noetherian ring. If A andA° satisfy (AC) and 

(1) A is an Artin algebra, or 

(2) A has a dualizing complex (as defined in [ 13 1), 

then id^A < °a if and only if id^oA < °o [whence, id^A = id^io A by ll26l ). 

We do not know if every Artin algebra has a dualizing complex, but every finite 
dimensional A:-algebra does have one, cf. 13.41 

To study the module category of a Gorenstein ring, Auslander and Bridger ||2]| 
introduced the so-called G-dimension. A finitely generated left module M ^0 over a 
two-sided noetherian ring A is of G-dimension if it is reflexive and Ext^(M,A) = 
= Ext^o (Homyi(M,A),A) for all I. Implicit in their work is the question whether 
all two-sided noetherian rings A satisfy the condition: 

(GC) Every finitely generated left A-module M ^ with Ext|'' (M,/l) = is of G-dimension 0. 

By another example of Jorgensen and §ega |[30l . also this question has a negative an- 
swer, even for commutative local finite dimensional A:-algebras. The foUowing partial 
answer is part of l4.4l 

Theorem C Let A be a two-sided noetherian ring that has a dualizing complex (as 
defined in 1131 ) oris commutative. If A satisfies (AC), then it satisfies (GC). 

By work of Huneke, §ega, and Vraciu ESl . the Auslander- Reiten Conjecture 
holds for commutative noetherian local rings with radical cube zero, and the coun- 
terexamples in 1.29.301 show that such rings need not satisfy (AC) or (GC). Here is a 
summary in diagram form: 

(1) 12 thm. (4.13) and (4.20)] and |29 cor. 3.3(1)]; 

(2) Theorem C, for two-sided noetherian rings that 
have a dualizing complex or are commutative; 

(3) dH cor 3.3(2)] and (25] thm. 4.1(1)]; 

(4) Theorem A; 

(5) 1301 thm. 1.7] and thm. 4.1(1)]. 

Theorems A, B, and C are proved in Sections|2}21 In Section|5]we discuss simple 
procedures for generating new AC rings from existing ones. 

Appendix A recapitulates certain aspects of the homological conjectures for finite 
dimensional A:-algebras in order to place the present work in proper perspective. 

Theorem C relies on a technical result. Lemma l4Tn which owes an intellectual 
debt to work of Huneke and Jorgensen |23|. Combined with other techniques. 14.11 
yields new proofs and modest generalizations of the main result in |23 1 on symmetric 
Ext-vanishing over commutative noetherian Gorenstein AC rings; these are given in 
Appendix B. 

Many of our proofs use the derived category over a ring. In the next section we 
recall the (standard) notation used throughout the paper. 
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1 Prerequisites 

Throughout, A denotes a left-noetherian ring which is an algebra over a commutative 
ring k (e.g. k = Z), and A° is the opposite ring. The letter k denotes a field, and A 
denotes a finite dimensional ^-algebra or, more generally, an Artin algebra. 

1.1 Modules (over A or A) are left modules, unless otherwise specified. We write 
Mod(A) for the category of all A-modules and mod(A) for the full subcategory of 
finitely generated A-modules. 

For M and in Mod (A), the notation Ext|"(M,A^) = means that Ext^(M,A^) 
vanish for all / ^ n. We write Extf°{M,N) = if Ext|"(M,A^) = for some n. For 
M in mod(A), a number bm with the property required in (AC), see the Introduction, 
is called an Auslander bound for M. We also consider rings A over which there is a 
uniform Auslander bound for all M in mod(A), i.e. rings that satisfy: 

(UAC) There is a ^ such that for all finitely generated A-modules M and A' one has: 

Ext>>°(M,/V) = implies Ext>''(M,A') = 0. 

In II23I the smallest integer b with this property is called the Ext-index of A. 

1.2 A complex of A-modules is graded homologically, 

M = > Mv+i My M,,_i — > ■ • • , 

and, for short, called an A-complex. The suspension of M is the complex HM with 
(ZM),, = M,,_i and d^^ ^ -d^. With the notation 

Cv(M) =Cokera,^i and Z,,(M) = Ker(9f , 

soft truncations of M are defined as 

Mc„ = ^ C„(M) ^ M„_i ^ M„_2 ^ • • • and 
M^H, = ■ • • ^ M,,+2 ^ ^ Z.,(M) ^ 0. 

The hard truncations of M are defined as 



M^u = ^ M„ ^ M„_ 1 • • • and M^^, = > M„,+ 1 ^ M„ ^ 0. 

We say that M is left-bounded if M,, = for y > 0, right-bounded if M,, = for v <C 0, 
and bounded if M,, = for |v| 0. If the homology complex H(M) is (left/right-) 
bounded, then M is said to be homologically {left/right-)bounded. The notation supM 
and infM is used for the supremum and infimum of the set { v G Z | Hv(M) 7^ } with 
the conventions that sup = —00 and inf — 0°. 

A morphism a of complexes is called a quasiisomorphism, and marked by the 
symbol ~, if it induces an isomorphism on the level of homology. The mapping cone 
of a is denoted Cone a. Recall that the complex Cone a is exact if and only if a is 
a quasiisomorphism. Quasiisomorphisms between A-complexes are isomorphisms in 
the derived category D(A). Isomorphisms in D(A) are also marked by the symbol ~. 
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1.3 We use standard notation, RHomA(— , — ) and — (g)^ — , for the right derived Horn 
functor and the left derived tensor product functor; see pT, ch. 10]. Recall that for all 
A-modules M and and all A°-modules K there are isomorphisms 

Ext\{M,N)=H^iR}iomA{M,N) and Toif{K,M)^Hi{K®\M). 

Resolutions of complexes, projective dimension (pd), and injective dimension 
(id) are treated in |9 |. We make frequent use of the following: Every homologically 
left-bounded complex has a left-bounded injective resolution; every homologically 
right-bounded complex M has a right-bounded free resolution L, and if M has de- 
greewise finitely generated homology, then L can be taken to be degreewise finitely 
generated. In particular, every homologically right-bounded complex M has a projec- 
tive resolution and the projective dimension is given as: 

pdgM = inf { sup{/ G Z | P,- 7^ 0} | P is a projective resolution of M } . 

The injective dimension of a complex is defined similarly. 

Lemma 1.4 Let X and Y be A-complexes. Assume that X is homologically right- 
bounded and let P — ^ X be a projective resolution; assume that Y is homologically 
left-bounded and let Y I be an injective resolution. If RHom^i {X,Y) is homolo- 
gically bounded and s ^ supX, then Ext| ' (C^ (f ) , Z,, (/) ) = for all > v. 

Proof Let i ^ snpX and notethatfci —X in D(A). Application of RHomyi(— ,7) to 
the distinguished triangle in D(A), 

induces a long exact sequence of homology modules, which yields isomorphisms 

H„+ 1 RHomA (P^s- i,Y)'^H, RHom^ (Z^C, (P) , F ) 
5^H,,+,RHom^(Q(P),F), 

for V + 1 < inf RHom^ i^iY)- Obviously, pd^ {Ps:s- 1 ) ^ ^ — 1 and, therefore, 

infRHom^(f^,_i,F) ^ infF -{s-l); 

see m thm. 2.4.P]. Set w = min{inf}',infRHomA(X,}') + i - 1 }; it follows that 

(L4.1) HvRHomA(C,(P),y) = for all v<w. 

If V ^ w, then v ^ inf F, so there is an isomorphism of module functors 

Ext;(-,Z„(/)) =H„_,RHomA(-,i') 

for every / > 0, cf. 021 proof of lem. (6.L12)]. In particular, 

Exti(C,(P),Z„(/)) ~H„_,RHomA(C,(P),F) =0 

for all i > 0, where the last equality follows from ( IL4.1l i. □ 
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2 The Auslander-Reiten Conjecture 

In this section we prove Theorem A from the Introduction. We open with a technical 
lemma. 

Lemma 2.1 Assume that A satisfies (AC). Let U be an exact A-complex and C be a 
finitely generated A -module. If 

(a) Uv is finitely generated for all v 0, 

(b) Ext|' (C, t/v) = for all veZ, and 

(c) there exists a w G Z such thatExtf^{C,Z^^.{U)) = 0, 

then Ext|'(C,Z„(f/)) = for all v e Z. In particular, Hom^(C,f/) is exact. 

Proof Apply Hom^ (C, -) to ^ Z,+i {U) Uy+i Zy{U) 0, then (b) yields 

(2.1.1) Ext^(C,Z,,(t/)) ^ Ext^+"(C,Z,,+„(t/)) for all v e Z, / > 0, and n ^ 0. 
If V ^ w, then Ext^*'(C,Zv(f/)) — 0. Indeed, ( 12.1. Il l yields isomorphisms 

Ext^+"-(C,Z,(f/)) - Ext;^("-"''(C,Z„+(,_„,)(t/)) - Ext^(C,Z,,(f/)), 

for / > 0, and the right-most Ext group vanishes by (c) for / ^ 0. By (a) there is an 
integer t such that Zy{U ) is finitely generated for v ^ f. As A satisfies (AC), 

(2. 1 .2) Ext^'' (C, Z,.{U))^0 for all v ^ m = max{f , w} , 

where b is an Auslander bound for C. To see that Ext^^' (C,Zv(t/)) = for all v, 
consider the cases v ^ m~b and v ^m — b separately. In the following, let / > 0. If 
v^m — b, then 

Ext^(C,Z,.(C/)) = Ext^'(C,Z„+,(f/)) = 
by (12.1. Il l and ( I2.1.2l i. If v b then, in particular, m — v ^ b ^ 0, and thus 

Ext;(C,Z„(f/)) -Ext;+('"-^')(C,Z,+(^_,)(f/)) =Ext^"'-^'(C,Z™(t/)) =0; 

again by (ETB and ( |2T2] |. □ 

Remark 2.2 The lemma above may fail for rings that do not satisfy (AC). Indeed, 
one counterexample to Auslander's conjecture is a commutative local self-injective 
finite dimensional ^-algebra R for which there exist finitely generated modules C and 
Z, such that Ext^(C,Z) ^ if and only if / = 0, 1; see [29. cor 3.3.(1)]. Because R is 
self-injective, the modules C and Z have G-dimension 0; see 121 prop. 3.8]. Let U be 
a complete projective resolution of Z, see (IT, thm. (4.1.4)], then U and C satisfy the 
requirements in Lemma IZTl but Ext^(C,Z) ^ 0. 

Theorem A in the Introduction is an immediate consequence of the next result. 

Theorem 2.3 Assume that A satisfies (ac), and let M be an A-complex. If M has 
bounded and degreewise finitely generated homology, and RHom^ (M,M © A) is ho- 
mologically bounded, then M has finite projective dimension given by 

pd^M = -infRHomA(M,A) < oo. 
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Proof We may assume that M 9^ in D(A). We need only prove that pd^M is finite, 
then a standard argument yields the equality displayed above; see the proof of lfT2l 
prop. (2.3.10)]. Take a right-bounded resolution L M by finitely generated free 
A-modules and consider the integer 

s — max{ — infRHomA(M,A), supM}. 

We will show that the cokernel Cs{L) is projective, i.e. Ext^(Ci(L),Cs+i(L)) = 0. 
To this end, take an injective resolution M I with ~ for v > supM; see ||9] 
cor 2.7.1]. Since RHom^i (M,M) is homologically bounded, there is by Lemma [T~4l 
an integer u ^ infM such that 

(2.3.1) Extf (C,(L),Z„(/))=0. 

There are quasiisomorphisms 

so by 19] 1.4.P] there is a quasiisomorphism a : L — ^ /^„. We claim that Lemma IZTI 
applies to U = Conea and the finitely generated module C = Ci (L). Requirement 
12. U a) is clearly met, and so is |2.1f c), as Cone a is right-bounded. To verify ITTT b) it 
suffices, in view of ( 12.3.11 ), to show that Extl"' (Ci(L),A) = 0, and this follows as 

Ext^(C,(L),A) = H_(,+,) RHomA (M,A) = for all / > 0; 

cf. im prf. of (4.3.9)]. In particulai-. LemmalTT] gives Ext|^(Q(L),Zj+i(Conea)) = 
0, and by the choice of / we have Zv+i (Cone a) = Cs+i [L). □ 

Remark 2.4 The condition (arc) and Theorem A in the Introduction draw identical 
conclusions from apparently different assumptions on a finitely generated A-module 
M, namely: 

(a) Ext|' (M,M ©A) = 0; compai-ed to 

(b) Extl^" (M,M) = and Ext|' (M,A) = 0. 

Clearly, (a) implies (b). We do not know if the two are equivalent, not even if A is 
commutative local and Gorenstein. Theorem 12.31 shows that if A is AC, then (a) and 
(b) are equivalent. A much stronger result holds if A is commutative local and com- 
plete intersection, then Ext|''(M,A) — and vanishing of Ext^' (M,M) for a single 
integer i > implies that M is free; see Q thm. 4.2]. If A is commutative local (AC 
or not) with radical cube zero, then vanishing of Ext^(M,M©A) for four consecutive 
values of i ^ 2 implies that M is free; see [25^ thm. 4.1]. 



3 The Gorenstein Symmetry Question 

For a two-sided noetherian ring A, we do not know if Auslander's condition is sym- 
metric, that is, if A and A° satisfy (AC) simultaneously. For Artin algebras, however, 
the uniform condition (UAC), defined in ll.ll is symmetric. 
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Observation 3.1 Let A be an Artin algebra. The canonical duality functor 

D: mod(A°) — > mod(A), 

see lis thm. II. 3. 3], provides isomorphisms 

ExtV {M,N) - Ext^ (D(A^),D(M)) 

for all finitely generated A "-modules M and and all integers This shows that A° 
satisfies (UAC) if and only if A does. 

Auslander and Reiten raise the question whether an Artin algebra is left- 
Gorenstein if and only if it is right-Gorenstein. The next proposition contains part 
(1) of Theorem B from the Introduction, and it uses [5, prop. 6.10] to establish an 
"algebra-wise" relation between Auslander's conjecture and the Finitistic Dimension 
Conjecture. 

Proposition 3.2 Let A be an Artin algebra that satisfies (AC). If id^ A is finite, then 
idy^o A and the finitistic dimension of A (on both sidesj^is finite. 

Proof The finitely generated A -module D{Aj\) is injective. Set n = idy\ A, then 

Ext>"(D(AA),D(A^)eAA)-0, 

so it follows from Theorem l2.3l that pd^^ D(Ayi) is at most n. For every finitely gener- 
ated A°-module A^, the isomorphism from Observation l3. 1 I vields 

Ext^ o (AU , Aa ) ^ Ext^ (D ( Aa ) , D (AU ) ) - for / > n, 

whence idyvo A ^ n. Now the finitistic dimension of A is finite by [T prop. 6. 10]. □ 

Remark 3.3 For an Artin algebra A that satisfies (UAC), it follows from Observa- 
tion l3.1l and Proposition l3.2l that idyi A is finite if and only if id^o A is finite. 

Nagata's regular ring of infinite Krull dimension ll35l ex. 1, p. 203] is an example 
of a commutative noetherian ring that satisfies (AC) but not (UAC). However, in the 
realm of Artin algebras (or local rings) we do not know of such an example. 

Part (2) of Theorem B is a special case of Proposition l3.5l below. which addresses 
a natural generalization of the conditions (TCl) and (AB§c) discussed in Appendix A. 

3.4 Let B be a right-noetherian ring, which is also a k-algebra; Proposition [33] in- 
volves a dualizing complex /^Db for the pair {A,B) in the sense of ifTSl def. 1.1]. 
That is, 

( 1 ) The complex D has bounded and degreewise finitely generated homology over 
A and overB°. 

(2) There exists a quasi-isomorphism of complexes of bimodules, aPb -—^ aDb, 
where aPb is right-bounded and consists of modules that are projective over A 
and over B° . 



In general, it is not known if the left-finitistic dimension of a finite dimensional algebra is finite if the 
right-finitistic dimension is, but one knows that they may differ; see (28 exa. 2.2]. 
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(3) There exists a quasi-isomorphism of complexes of bimodules, aDb > a^b, 

where aIb is bounded and consists of modules that are injective over A and 
overB°. 

(4) The homothety morphisms 

aAa — >RHomBo(^DB,Al>B) and bBb — > RHomA {aDb,aDb), 

are isomorphisms in homology. 

If A is two-sided noetherian, then a dualizing complex for {A, A) is called a dualizing 
complex for A. This generalizes the definition for commutative rings in ll22l V.§2]. 

We do not know if every Artin k-algebra A has a dualizing complex. To be pre- 
cise, we do not know if the obvious candidate D — Homt{AAA , k) has a resolution by 
A -bimodules, as required in (2). If k is a field, however, this D is a dualizing complex 
for A; see 143] exa. 2.3(b)] and [13, app. A]. 

Proposition 3.5 Let the rings A and B be as in l3.4l and let D be a dualizing complex 
for the pair {A, B). The complexes R.HomA{D, A) and RHomflo (D,Z?) are isomorphic 
in D(k), and when they are homologically bounded, the following hold: 

(a) If A satisfies (AC), then id^" A and idg" B are at most pd^ D + id^o D < 

(b) IfB° satisfies (AC), then id^A and idsB are at most pd^oD + id^D < oo. 

Proof The first assertion is an elementary appUcation of swap in D(k): 

RHom^UD,^A) ~ RHom^UZ),RHomB"(Z)B,A£>B)) 
~ RHomB" {DB,'RHomAUD,ADB)) 
~RHomBo(DB,BB). 

By symmetry it suffices to prove part (a). As RHom/i(D,A) is homologically 
bounded, it follows from Theorem 12. 3 1 that pd^D is finite. For every A°-module M 
we have 

-infRHomA=(MA,AA) = -infRHomA°(MA,RHomBo(^DB,DB)) 
= - infRHomgo (Ma 0^ 

< idflo D + sup (Ma (E)\aDb) 
^idsoD + pd^Z), 

where the inequalities are by ||9 , thm. 2.4.1 and 2.4.F]. Thus, id^" A is at most ids" D + 
pd^D by [9 thm. 2.4.1]. Similarly, for every B°-module we have 

-mfRHomBo{NB,BB) = -infRHomBo(A?B,RHomA(A£>,A£>i?)) 
= -infRHomA(A£>,RHomB=(A?B,A£>B)) 

< pd^ D - infRHomgo {Nb,aDb) 
s^pd^D + idBoD; 



this time by f9^ thm. 2.4.P and 2.4.1]. 



□ 
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4 Functoriality of G-dimension 

Now we prove Theorem C from the Introduction; our proof hinges on the following 
lemma about invertibility of the tensor evaluation morphism; cf. |j9l 4.3]. 

Lemma 4.1 Let M and N be A-complexes and T be an A-bimodule. Assume that 
M and N have bounded and degreewise finitely generated homology and that aT is 
finitely generated. Consider the tensor evaluation morphism in D(k); 

(Omtn ■■ RHom^ {M,T)(E)\N — > RHom^ (M, T(E)\N). 

If A satisfies (ac) and the three complexes 

RHom^ (M,r), T(E)\n, and RHomA{M,T (g)\N) 

are homologically bounded, then (Omtn is an isomorphism. 

The lemma may fail if A does not satisfy (AC); see remarks after the proof. 

Proof Take right-bounded resolutions P — ^ M and Q — ^ by finitely generated 
free A-modules. The goal is to prove that the tensor evaluation morphism (Optq is a 
quasiisomorphism in the category of k-complexes. This is achieved as follows: As 
T is homologically bounded, we may take a left-bounded injective resolution 
p : T (S)aQ — > I- Set s = max{ supM, — inf RHomA(M. T) }; it is an integer as we 
are free to assume M 9^ in D(A). There is now a quasiisomorphism t: P ^-^ Pes- 
Consider the commutative diagram in the category of k-complexes 

(Opjn 

HomA (P, T)®aQ > HomA [P, T ®a Q) 



HomA(T,7')®Ae 



nomA(PcsJ)®AQ HomA(P,/) 



Hom^(T,/) 



Hom»(/'ci,p) 

HomA(Pc., T ®A Q) ) HomA(P„,/). 

The vertical morphisms on the right are clearly quasiisomorphisms, and the tensor 
evaluation morphism (Op^jq is easily seen to be invertible, cf. |14, prop. 2.1(v)]. It 
remains to prove that WomA{T,T) ®aQ and HomA{Pcs,p) ai"e quasiisomorphisms. 
For the first one, it is sufficient to demonstrate exactness of 

ConeHomA(T, r) ^ 5IHomA(ConeT,r). 

Since the complex Cone T is exact and right-bounded, it is enough to argue that 

Ext|' ((Cone t),,, T)=Q for all v e Z. 

For V ^ s this is clear, as the module (Coner),, is projective. Since (Coner)^. = 
Cs{P) ®Ps-i, the case v = s follows from the isomorphisms 

(4.1.1) Ext^(C,(P),r) ^ H_(,+,)RHomA(M,r) = for all / > 0, 
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which are immediate by the choice of s; cf. lfT2l proof of lem. (4.3.9)]. 

To see that Hom^ (/"ci , p ) is a quasiisomorphism, it suffices by |13, prop. 2.6(a)] 
to argue that Hom^((fa)v',p) is a quasiisomorphism for all v e Z. For v s this is 
clear, as {Pcs)v is projective. Since {Pcs)s = Cs{P), the case v = is equivalent to 
exactness of 

Cone HomA (C, {P),p)= Hom^ (C,. (P) , Cone p ) . 

To complete the proof we show that Lemma ITT] applies to the complex Conep and 
the finitely generated module Cj(P). Since (Conep)^, = /y © (T (X>a 2)i-i, where 
{T ^aQ)v-i is a finite direct sum of copies of ^T, it follows from (14.1.1b that re- 
quirement |2Tfb) is fulfilled. Furthermore, since — for v ;2> also 12. U a) is met. 
Finally, homologicalboundedness of RHomyi(M, T ^\N) implies by Lemma [l~4l that 
Ext|' (C,.(P),Zv(/)) = for all v < 0. Since Z„ (Conep) = Z,.{I) for v < 0, also re- 
quirement l2.ir c) is fulfilled. □ 

In ||29l is given an example of a self-injective finite dimensional ^-algebra that 
does not satisfy (AC), so it foUows from the next proposition that Lemma |4TT] may 
fail for a ring that does not satisfy (AC). 

For a Gorenstein ring — i.e. a two-sided noetherian ring with id^A and id^^A 
finite — the equivalence of (/) and (//) below is proved by Mori ll33l thm. 3.3]. 

Proposition 4.2 If id^A is finite, tiien the following conditions are equivalent: 
(0 A satisfies (AC). 
(//) A satisfies (UAC). 

(///) For all A-complexes M and N with bounded and degreewise finitely generated 
homology one has: if RHom/^{M,N) is homologically bounded, then 

(Oman - RHom a {M, A) (gi^N — > RHomA{M,N) 

is an isomorphism in D(k). 

Proof Since id^A is finite, the implication follows by Lemma [JT] Obvi- 

ously (//) implies (/), so it remains to show the implication =>(»'). 

Let M and be finitely generated A-modules such that Ext^''(M,A^) = 0. This 
means that RHomA(M,A^) is bounded, so by (///) there is an isomorphism 

RHomA(M,A) (g)\N RHomA(M,A^) 

in D(k). Consequently, 

-infRHomA(M,A^) = -mf{RHomA{M,A)(E)\N) 
s$ -infRHomA(M,A) 
idAA, 

where the first inequality follows by ifTTl lem. 2.1.(2)] and the second by \9', 2.4.1]. 
This shows that Ext^(M,A^) = for all ; > idAA. □ 

4.3 One says that the G-dimension is functorial over a two-sided noetherian ring if it 
satisfies the condition (gc) from the Introduction. Examples of such rings include: 
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• Gorenstein rings; see 111 prop. (3.8)]. 

• Commutative noetherian rings that are locally Gorenstein, see lfT2l (1.3.2)]. 

• Local Artin algebras with radical square zero; see Ii31i prop. 2]. 

• Commutative noetherian Golod local rings, see ll30l prop. 1.4]. 

The next result establishes Theorem C from the Introduction, which adds (certain) 
AC rings to the list above. 

Theorem 4.4 Let A be a two-sided noetherian ring that satisfies (AC), and assume 
that A has a dualizing complex or is commutative. For every A-complex M with 
bounded and degreewise finitely generated homology there is an equality: 

G-dimAM = -infRHomA(M,A). 

Remark 4.5 Jorgensen and §ega ll30l construct a commutative local finite dimen- 
sional fc-algebra R and a finitely generated 7?-module M with Extg^ {M,R) ~ but in- 
finite G-dimension. Note that in view of Theorem l4.4l R cannot satisfy (AC). Further, 
it has length 8 and — 0, where m is its radical, and thus this example is minimal: 
Primarily with respect to the invariant min{n | m" = 0} — as every ring with radical 
square zero satisfies (AC) by |29, prop. 1.1]. Secondarily with respect to length — as 
every commutative local artinian ring with radical cube zero and length at most 7 
satisfies (ac), also by |j29] prop. 1.1]. 

Proof of 4.4 First assume that A is commutative. It is sufficient to prove that homo- 
logical boundedness of RHomA(M,A) implies that the biduality morphism 

d^:M — > RHomA(RHomA(M,A),A) 

is an isomorphism in D(A); see lfT2l cor. (2.3.8)]. This can be verified locally, as 

A A 

(^m)p ~ ^Mp f^i" P ™ SpecA, so we may assume that A is local. 

Now, let K be the Koszul complex on a set of generators for the maximal ideal m, 
and let E be the injective hull of A/m. As the complex RHomA(RHomA(M,A),A) 
has degreewise finitely generated homology, it follows from |19, 1.3] that 5^ is 
an isomorphism if 5^(Si\K is one. Set J = HomA(A',£'), and note that this is a 
bounded complex of injective modules and has homology modules of finite length. 
By Lemma l4n there is an isomorphism: 

a)MAy: RHom^ (M,A) ^ RHomA(M,y). 

Furthermore, as K has homology modules of finite length, the biduality morphism 

5|: /:->HomA(HomA (/*:,£'),£') 

is an isomorphism in D(A). The target complex is isomorphic to RHomA (/,£), and 
there is a commutative diagram in D(A) 
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M(E)^RHom{J,E) 



— > RHom(RHom (M,A),A) ®^ K 

~ '''RHom (M.A)AS: 

RHoniA (RHomA (M, A ) , K) 

~ RHom(RHom(M,A),5|) 

RHom (RHom(M, A) , RHom {J,E)) 



RHom(RHom(M,7),£) 



RHom((0„^j,£) 



RHom(RHom(M,A) ^^J,E). 



The unlabeled isomorphism is adjointness. The morphism CORiiom{M.A)AK is ™ iso- 
morphism by 1 14, prop. 2.1(v)], and the Hom-evaluation morphism Omje is an iso- 
morphism by |9, lem. 4.4.(1)]. It follows that 5^ (g)^ K is an isomorphism. 'j 



To prove the non-commutative part of Theorem l4.4l we need the following: 

Lemma 4.6 Let A be a two-sided noetherian ring with a dualizing complex; see 
13.41 An A-complex M with bounded and degreewise finitely generated homology 
has finite G-dimension if and only if the complex RHomA(M,A) is homologically 
bounded and the biduality morphism 5^: M ^ RHom^o (RHomA(M,A),A) is an 
isomorphism in D(Ajl. 



Proof By fTT, prop. 3.8(b) and thm. 4.1] the complex M has finite G-dimension if 
and only if the complex D is homologically bounded and the natural morphism 
rjM- M -^'RHomA{D,D(i^^M) is an isomorphism in D(A). The next two isomor- 
phisms are adjointness and Hom evaluation; see [|9J lem. 4.4.(1)]. 



(4.6.1) 
(4.6.2) 



RHom^ (M,A) ~ RHomA (£>®A^,£>) and 
D(E)^M ~ RHomA°(RHomA (M,A),D) 



It follows that RHomA (M, A) is homologically bounded if and only if D is so. 
The diagram below shows that 8^ is an isomorphism if and only if rjM is one. 



RHomAo(RHomA (M,A),A) 



RHomA=(RHomA(M,A), RHomA (£),£))) 



M 



RHomA (D,D®^M) 



RHomA (D,RHomAo(RHomA(M,A),D)) 



' Bv l3.4l the dualizing complex D has resolutions aPa ' aDa ' aU by A-bimodules, where each 

module in P is projective over both A and A°, and each module in / is injective over both A and A°. It 
follows that A has a resolution A J = Hom^ (P, /) by A-bimodules, where each module in J is injective 
over both A and A° . Consequently, is represented by M — ► Hom,4o (Hom,4 (M, J), J). 
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The upper horizontal isomorphism is by definition of a dualizing complex, and the 
lower one is induced by ( 14.6.21 ): the right vertical isomorphism is swap. □ 

Proof of 4.4 continued Assume that A has a dualizing complex D; see l3.4l for the def- 
inition. By Lemma l431 it suffices, as in the commutative case, to show that homologi- 
calboundednessof RHom^(M,A) imphes that 5^:M ^ RHomA=(RHom^(M,A),A) 
is an isomorphism in D(A). This follows from the commutative diagram below. 

M > RHomAo (RHomA (M,A),A) 



RHomA"(£),D) RHomA°(RHomA(M,A),RHomA°(Z),D)) 



RHomAo (RHomA {M, D) , D) = > RHomAo (RHomA (M, A) ®\D,D) 

The vertical isomorphisms on the left follow by definition of a dualizing complex 
13.41 and by |9, lem. 4.4.(1)]. The horizontal isomorphism is induced by (Omad, see 
Lemma |4n The vertical isomorphisms on the right follow by Hom-tensor adjointness 
and the definition of a dualizing complex. 

5 Examples 

We consider three elementary constructions that preserve the AC property. 

Proposition 5.1 Let A and B be left-noetherian and Morita equivalent rings. If A 
satisfies (AC)/(UAC), then B satisfies (AC)/(UAC). 

Proof There exist bimodules aPb and bQa, which are finitely generated, projective 
from both sides, and provide an equivalence 

mod(A) , ~» mod(B). 

Moreover, for every B-module A' there is an isomorphism ^ HomA {P,P ®bN); see 
ll4n sec. 9.5]. For finitely generated B-modules M and it follows that 

Extjj(M,A^) ^ H_,RHomB(M,HomA(P,P0BA^)) 
^ H_,- RHomA {P®\m,P®\ N) 
^Ext\{P(g)BM,P®BN). □ 

Example 5.2 If A satisfies (ac)/(uac), then so does every matrix ring over A. 

Proposition 5.3 Let A and B be left-noetherian rings. The product ring A x B satisfies 
(AC)/(UAC) if and only if both A and B satisfy (AC)/(UAC). 
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Proof Note that A x Z? is left-noetherian. There are equivalences of categories 
Mod(A) X Mod(B) ; > Mod(AxB), 

s 

with the obvious definition of the functor x. The functor s associates to an AxB- 
module M the pair ( ( 1 , 0)M, (0, 1 )M) , and to an A x B-linear map ^ : M — > the pair 
of restrictions qj : (1,0)M — > (1,0)A^ and i/(o,i) : (0, l)M — > (0, l)A^. Thus, for ev- 
ery pair M, of A xB-modules, s induces an isomorphism 

Hom^ ^b{M,N)^ Hom^ (( 1 , 0)M, ( 1 , 0)A^) Homs ( (0, 1 )M, (0. 1 )A?) . 

The functor s is exact and preserves projectivity, indeed, ( 1 , Q)M = ^A^ '^a xbM and 
similarly (0, l)M = bBaxb'^AxbM. Thus there are isomorphisms 

Ext^ (M, A^) Ext^ (( 1 , ())M, ( 1 , 0)A^) © Extjj ((0, 1 )M, (0, 1 )A^) , 

for all AxB-modules M and A^, and all integers /. Clearly, an AxB-module X is 
finitely generated over AxB exactly when {l,Q)X and {Q,l)X are finitely generated 
over A and B, respectively. Straightforward arguments finish the proof. □ 

The Chinese Remainder Theorem now yields: 

Example 5.4 If a and b are proper coprime ideals in a commutative noetherian ring 
R, then /?/ab is AC if and only if both/J/a and R/b are AC. 

The results in [29 1 show, in particular, that the AC property does not ascend along 
flat ring homomorphisms. Descent, however, is straightforward: 

Proposition 5.5 Let A be commutative, and let B be a faithfully flat left-noetherian 
A-algebra. IfB satisfies (AC)/(UAC), then A satisfies (AC)/(UAC). 

Proof Note that B has a bimodule structure a.bB. Let M and A^ be finitely generated 
A-modules. Because B is A-flat, one has the following chain of isomorphisms, where 
the second is by |9 lem. 4.4.(F)] and the third is by adjointness. 

Ext^(M,A^) (^aB = H_, RHomA(M,A^) 

^ H^iRHomA{M,N(g)^B) 

^ H_,- RHomg {MC$\b,N(»\b) 

= Ex\'jj{M(E}AB,N(E)AB) 

The desired conclusion now follows by faithful flatness of B over A. □ 

Example 5.6 A commutative noetherian ring R is AC if either R[X] or R^x^ is so. 
Furthermore, if (^,tn) is local and its m-adic completion R is AC, then so is R. 

Remark 5.7 For a commutative noetherian Cohen-Macaulay local ring R one gets 
stronger results [15]. Indeed, let m be the maximal ideal of R, and let ;c e m be 
an 7?-regular element. If one of the rings R, R, R/{x), R^X]^, or ^[^](ni,x) satisfies 
(AC)/(UAC), then they all do. 
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Appendix A Conjectures for rings and algebras 

The Auslander-Reiten and Tachikawa Conjectures originate in representation theory of algebras, but they 
have recently received considerable attention in commutative algebra; see e.g. I8I24I25I38I . This appendix 
provides a quick guide to these and related conjectures, and it explains, in greater detail, some of the points 
raised in the Introduction. 

Auslander's conjecture According to f211 and fP intro. to ch. V], Auslander conjectured that every Artin 
algebra satisfies the condition (AC), defined in the Introduction. In |29| Jorgensen and §ega showed that 
the conjecture fails, even for commutative local finite dimensional i:-algebras: one counterexample (S,m) 
is Gorenstein with m** = 0, another is not Gorenstein and has = and length/? = 8. A subsequent short 
construction due to Smal0 |39| shows that k{x,y) j ,xy ^ qyx), where ^" ^0,1 for all n, does not 
satisfy (AC). Further counterexamples are constructed by Mori in (321 sec. 6]. 

A.l A commutative noetherian regular ring of infinite Krull dimension satisfies (AC) but not (UAC). We 
do not know of any Artin algebra or commutative noetherian local ring with that property. Rings known to 
satisfy (UAC) include: 

• Left-noetherian rings of finite global dimension. 

• Artin algebras of finite representation type; see 1211 sec. 2.3]. 

• Group algebras of finite groups; this follows from 1111 thm. 2.4][3 

• Rings of finite global repetition index. For example quotients ff jn, where ff is a classical order 
over a discrete valuation ring, and ;r is a uniformizing parameter; see f20' sec. 4]. 

• Exterior algebras; see 133. cor. 2.4]. 

• Commutative noetherian local rings that are Golod or complete intersection; see |29 prop. 1.4] and 
[7i thm. 4.7]. 

• Conraiutative noetherian Gorenstein local rings R of multiplicity codimS + 2 or with codimR ^ 4; 
see dH thm. 3.5] and f38^ thm. 3.4]. 

• The trivial extension of a commutative artinian local ring by its residue field; see 137, cor. 3.5]. 

Further examples of commutative noetherian local rings that satisfy (UAC) are given in 1291 prop. l.lQ 
and in (23] thm. 3.7]. 

The Auslander-Reiten Conjecture The root of this is the Nakayama Conjecture posed in f361. By work 
of Miiller 1 34 1, it can be phrased as follows: 

Every finite dimensional i-algebra A satisfies the following condition: 
(NC) If each term in the minimal injective resolution of ^ A is projective, then A is quasi-Frobenius. 

In |4J Auslander and Reiten propose the Generalized Nakayama Conjecture: 

Every Artin algebra A satisfies the following condition: 
(GNC) Every indecomposable injective A-module occurs as a summand in one of the terms in the 
minimal injective resolution of /^A. 

A finite dimensional i-algebra is an Artin algebra, and an Artin algebra that satisfies (GNC) also satisfies 
(NC), cf. |6. prop. IV.3.1]. It is proved in (4) that the Generalized Nakayama Conjecture is equivalent to: 

Every Artin algebra A satisfies the following condition: 
(ARC-G) Eveiy finitely generated A-generato£|M with Ext^'(M,M) = is projective. 

It is not known if a given finite dimensional i-algebra satisfies (GNC) if and only if it satisfies (ARC-G). 
What is known is that (GNC) holds for all /:-algebras if and only if (ARC-G) does; see [42 remark after 
thm. 3.4.3]. 

3 By the isomorphisms Ext^Q(M,A?) Yiom^iM ,H' [G ,N)) for i > 0. 
* Where part (2) should read: edimS — depth/? ^ 2. 

' Defined as follows: for every finitely generated A-module T there is an epimorphism M' —» T such 
thatM' e add(M). 
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In |3| the condition (ARC-G) is considered for any noetherian ring, and it is noted that a ring A 
satisfies (ARC-G) if and only if it satisfies (ARC); see the Introduction. Indeed, an A-generator M with 
Ext|' (M,M) = also has Ext|' (M,A) = 0, and for every A-module N the module W ©A is an A-generator. 

A.2 Rings know to satisfy (ARC) include: 

• Left-noetherian rings over which every finitely generated module has an ultimately closed projec- 
tive resolution^ see |4. prop. 1.3]. 

• Rings A I (x)A where A is a noetherian algebra of finite global dimension over a commutative 
noetherian complete local ring (i?, m) , and jr e m is a A -sequence; see 1 3 prop. 1.9]. In particular, 
commutative noetherian complete intersection local rings; see also |7J thm. 4.2]. 

• Group algebras kG, where G is a finite group and is a field of characteristic p > 0; see 1101 5.2.3]. 

• Commutative artinian local rings (i?,m) with 21ength^(SocS) > lengths or with m^^ = 0; see 1161 
4.3] and ^ thm. 4.1]. 

• Commutative noetherian Golod local rings; see 1291 prop. 1.4]. 

• Rings R I (x) where x is an R-sequence, and R is commutative, noetherian, local, excellent, Cohen- 
Macaulay, normal, and either Gorenstein or a Q-algebra. This is a special case of t24i thm. 0.1]. 

• Commutative noetherian Gorenstein local rings R with codimR ^ 4; see 1381 cor. 3.5]. 

The Tachikawa Conjectures The conditions above relate to two conjectures of Tachikawa ( 401 §8]; 
Every finite dimensional i-algebra A satisfies the following condition; 
(TC 1 ) If Ext* ' (Homj. (Aa , /t) , A ) = 0, then A is quasi-FrobeniusQ 

and 

Every quasi-Frobenius finite dimensional ^-algebra A satisfies; 
(TC2) Every finitely generated A-module M with Ext^' (M,A/) = is projective. 

It is proved in 1401 and 1421 that the Nakayama Conjecture holds if and only if both Tachikawa Conjectures 
hold. The diagram below depicts the known relations between conditions on finite dimensional A-algebras. 

(1) (3) 
(ARC-G) ) • (ARC) (TCl) and (TC2) 



(A.3) 




The notation (P)=^(Q) means that every algebra that satisfies (P) also satisfies (Q), 
while (P)<^>(Q) means that all algebras satisfy (P) if and only aJJ algebras satisfy (Q). 

The implications (1) and (2) were discussed above; the implication (3) is clear; cf. the proof of Proposi- 
tion[33] The remaining implications are proved in |42, thm. 3.4.3]|3 

In commutative algebra, Avramov, Buchweitz, and §ega 1 8 1 make a conjecture related to the first of 
Tachikawa's conjectures mentioned above. Their conjecture is the following; 

Every commutative noetherian Cohen-Macaulay local ring R satisfies; 
(AB§C) If R has a dualizing module D and Ext^' (D.i?) = 0, then R is Gorenstein. 

It is clear that both conditions (GNC) and (NC) make sense for, and are satisfied by, every commuta- 
tive noetherian local ring R. However, the conjecture of Avramov, Buchweitz, and §ega is still open, 
even in the case where R is a finite dimensional /:-algebra. This emphasizes the point that the implication 
(NC)^^(TC 1 ) in (A.3) is not known to restrict to commutative local /:-algebras. A list of rings that satisfy 
(AB§C) is provided in (8 intro. and sec. 9]. 

* Defined as a degreewise finitely generated projective resolution for which there is a d > such that 
the rfth syzygy has a decomposition whose factors are summands of earlier syzygies; see 1 27 sec. 3]. 

' The conjecture on p. 1 15 in |40| is equivalent to this one by the arguments on p. 1 14 ibid. 

* The remark following | 42 thm. 3.4.3] indicates that any given algebra satisfies (NC) if and only if it 
satisfies (TCI) and (TC2). However, this strong statement is not known to be true, cf. thm. 3.4.2 ibid. We 
thank Professor Yamagata for clarifying this to us. 
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A.4 We end this appendix by summarizing a couple of contributions of this paper. 

Theorem l2.3l is new, even for finite dimensional i:-algebras. In particular, it adds exterior algebras and 
rings of finite global repetition index to the list of rings known to satisfy (ARC). 

Proposition l3.5l shows that (AC) implies a generalized version of (TC 1 ) for two-sided noetherian rings 
with a dualizing complex. 



Appendix B AB rings 

Huneke and Jorgensen 1231 introduce AB rings as commutative noetherian Gorenstein local rings that 
satisfy (UAC) — equivalently (AC), cf. Proposition l4.2l Our Lemma l4~7] is inspired by ideas in |23 1; in par- 
ticular by (23. prop. 5.2 and 5.5]. In this appendix we apply Lemma lTTI to reestablish two main results 1231 
thm. 4.1 and cor. 4.2] in the setting of complexes over a commutative noetherian ring R with id^i? finite. 

In the following we use the term totally reflexive for a module that is either or of G-dimension in 
the sense of Auslander and Bridger 0, cf. the Introduction. 

Lemma B.l Let R be commutative and noetherian with HrR finite, and let M be an R-complex. If M 
is isomorphic in D{R) to a complex of totally reflexive R-modules, then the biduality morphism is 
invertible: 

M RHom«(RHom/i(M,i?),R). 
In particular, M is homologically bounded if and only if RHomR(M,S) is so. 

Proof Let G be a complex of totally reflexive S-modules such that there is an isomorphism A/ ~ G in 
D(R); further let a: i? — ^ / be a bounded injective resolution. We start by proving that the complex 
Hom^'(G,R) is isomorphic to RHom/i(M,R) in D(S). We do so by ai'guing that Hom/i(G, — ) preserves the 
quasiisomorphism a, that is, we show exactness of the complex 

ConeHomR(G, a) = HomK(G,Conea). 

Note that Cone a is a bounded and exact complex of modules of finite injective dimension. Thus, for every 
V the complex Hom;;(G,.,Cone a) is exact by (12 cor. (2.4.4)(a)], and the claim follows by ( 13 lem. 2.4]. 
The complex HomR(G,S) consists of totally reflexive R-modules, see ( 12, obs. (1.1.7)], so the argument 
above applies to show that HomR(Hom;;(G,R),R) is isomorphic to RHomK(RHomfi(M,S),/?) in D(R). 
Consequently, the morphism 

S^ : M — > RHomfl(RHom«(M,R),R) 

in D(i?) is represented by 

S§: G — > Hom«(Hom/i(G,i?),i?), 
which is an isomorphism of i?-complexes, as each module G,- is totally reflexive. □ 

In the next two results, we use the notation (— )* = RHomR(— 

Theorem B.2 Let R he commutative and noetherian with iAr R finite and assume that R satisfies (AC). For 
R-complexes M and N with bounded and degreewise finitely generated homology the following conditions 
are equivalent: 

(i) RHom/i(M,A') is homologically bounded. 

(ii) RHomR(A',M) is homologically bounded, 
{in) M* (Xi^ N is homologically bounded. 

Proof We prove the implications (i)^(iii)^(ii), then {ii)^(i) by symmetry. 

Homological boundedness of RHomR(M,A') yields by Proposition |4 . 2 1 an isomorphism M* ®^A? ~ 
RHom^'(M,A') in D(S). This shows the first implication. 

For the second implication, note that there are isomorphisms 

M*0]iN~N(S>K RHom« (M, R) ~ RHom« (RHom/; (N.M),R), 
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where the last one uses finiteness of iArR, see fl8 (1.4)]. Thus, the complex RHomR(RHom/i(A',M),R) 
is homologically bounded, and Lemma lBJl finishes the proof once we show that RHomK(A',M) is isomor- 
phic in D(R) to a complex of totally reflexive modules. To this end, let L N he a degreewise finitely 
generated free resolution and choose a bounded complex G of totally reflexive modules such that G ~ M; 
see [12] thm. (2.3.7)] and [18 (1.4)]. The complex Hom/i(L,G) is isomorphic to RHom/;(A',M) in D{R) 
and consists of totally reflexive modules. □ 

Corollary B.3 LetR be commutative and noetherian with id^ R finite and assume thatR satisfies (AC). For 
R-complexes M and N witii bounded and degreewise finitely generated homology the following conditions 
are equivalent: 

(i) M ®Jj N is homologically bounded, 
iii) RHom/i(M*,A') is homologically bounded, 
(iii) RHom/i(A'*,M) is homologically bounded. 

Proof From the isomorphisms W ~ W** andM ~M**, see (12) thm. (2.3.14)], it follows that the complexes 
in (ii) and (iii) are isomorphic by swap. By Theorem IB .2 1 condition («') holds if and only if the complex 
M** A' — M ®5j W is homologically bounded. □ 



Acknowledgements We thank Petter Andreas Bergh and Jiaqun Wei for helpful comments on an earlier 
version of the paper. 



References 

1. Auslander, M.: Selected works of Maurice Auslander. Part 1. American Mathematical Society, Prov- 
idence, RI (1999). Edited and with a foreword by Idun Reiten, Sven'e O. Smal0, and 0yvind Solberg 

2. Auslander, M., Bridger, M.: Stable module theory. Memoirs of the American Mathematical Society, 
No. 94. American Mathematical Society, Providence, R.I. (1969) 

3. Auslander, M., Ding, S., Solberg, 0.: Liftings and weak liftings of modules. J. Algebra 156(2), 273- 
317 (1993) 

4. Auslander, M., Reiten, I.: On a generalized version of the Nakayama conjecture. Proc. Amer. Math. 
Soc. 52, 69-74(1975) 

5. Auslander, M., Reiten, I.: Applications of contravariantly finite subcategories. Adv. Math. 86(1), 
111-152(1991) 

6. Auslander, M., Reiten, 1., Smal0, S.O.: Representation theory of Artin algebras, Cambridge Studies 
in Advanced Mathematics, vol. 36. Cambridge University Press, Cambridge (1995) 

7. Avramov, L.L., Buchweitz, R.O.: Support varieties and cohomology over complete intersections. In- 
vent. Math. 142(2), 285-318 (2000) 

8. Avramov, L.L., Buchweitz, R.O., §ega, L.M.: Extensions of a dualizing complex by its ring: commu- 
tative versions of a conjecture of Tachikawa. J. Pure Appl. Algebra 201(1-3), 218-239 (2005) 

9. Avramov, L.L., Foxby, H.B.: Homological dimensions of unbounded complexes. J. Pure Appl. Alge- 
bra 71(2-3), 129-155 (1991) 

10. Benson, D.J.: Representations and cohomology 11, Cambridge Studies in Advanced Mathematics, 
vol. 31, second edn. Cambridge University Press, Cambridge (1998). 

11. Benson, D.J., Carlson, J.F., Robinson, G.R.: On the vanishing of group cohomology. J. Algebra 
131(1), 40-73(1990) 

12. Christensen, L.W.: Gorenstein dimensions. Lecture Notes in Mathematics, vol. 1747. Springer- Verlag, 
Berlin (2000) 

13. Christensen, L.W., Frankild, A., Holm, H.: On Gorenstein projective, injective and flat dimensions — 
A functorial description with applications. J. Algebra 302(1), 231-279 (2006) 

14. Christensen, L.W., Holm, H.: Ascent properties of Auslander categories. Canad. J. Math., online 17 
August 2008, 33 pp. Preprint. arXiv:math/0509570v2 [math. AC] 

15. Christensen, L.W.. Holm, H.: Vanishing of cohomology over Cohen-Macaulay rings, manuscript in 
progress 

16. Dao, H., Veliche, O.: Comparing complexities of pairs of modules. J. Algebra, online 5 September 
2008 



20 



L. W. Christensen, H. Holm 



17. Foxby, H.B.: Isomorphisms between complexes with applications to the homological theory of mod- 
ules. Math. Scand. 40(1), 5-19 (1977) 

18. Foxby, H.B.: Bounded complexes of flat modules. J. Pure Appl. Algebra 15(2), 149-172 (1979) 

19. Foxby, H.B., Iyengar, S.: Depth and amplitude for unbounded complexes. In: Commutative algebra 
(Grenoble/Lyon, 2001), Contemp. Math., vol. 331, pp. 119-137. Amer. Math. Soc, Providence, RI 
(2003) 

20. Goodearl, K.R., Huisgen-Zimmermann, B.: Repetitive resolutions over classical orders and finite- 
dimensional algebras. In: Algebras and modules. II (Geiranger, 1996), CMS Conf. Proc, vol. 24, pp. 
205-225. Amer Math. Soc, Providence, RI (1998) 

21. Happel, D.: Hoinological conjectures in representation theory of finite-dimensional algebras. Sher- 
brook Lecture Notes Series (1991), available from 

http://www.math.ntnu.no/~oyvinso/Nordfjordeid/Program/references.html 

22. Hartshorne, R.: Residues and duality. Lecture notes of a seminar on the work of A. Grothendieck, 
given at Harx'ard 1 963/64. With an appendix by P. Deligne. Lecture Notes in Mathematics, vol. 20. 
Springer- Verlag, Berlin (1966) 

23. Huneke, C, Jorgensen, D.A.: Symmetry in the vanishing of Ext over Gorenstein rings. Math. Scand. 
93(2), 161-184 (2003) 

24. Huneke, C., Leuschke, G.J.: On a conjecture of Auslander and Reiten. J. Algebra 275(2), 781-790 
(2004) 

25. Huneke, C, §ega, L.M., Vraciu, A.N.: Vanishing of Ext and Tor over some Cohen-Macaulay local 
rings. Illinois J. Math. 48(1), 295-317 (2004) 

26. Iwanaga, Y.: On rings with finite self-injective dimension II. Tsukuba J. Math. 4(1), 107-113 (1980) 

27. Jans, J. P.: Some generalizations of finite projective dimension. Illinois J. Math. 5, 334—344 (1961) 

28. Jensen, C.U., Lenzing, H.: Homological dimension and representation type of algebras under base 
field extension. Manuscripta Math. 39(1), 1-13 (1982) 

29. Jorgensen, D.A., §ega, L.M.: Nonvanishing cohomology and classes of Gorenstein rings. Adv. Math. 
188(2), 470^90 (2004) 

30. Jorgensen, D.A., §ega, L.M.: Independence of the total reflexivity conditions for modules. Algebr 
Represent. Theory 9(2), 217-226 (2006) 

31. Menzin, M.S.: The condition Ext'(M, R) = for modules over local Artin algebras (R, OT) with 

= 0. Proc. Amer Math. Soc. 43, 47-52 (1974) 

32. Mori, I.: Co-point modules over Koszul algebras. J. London Mafli. Soc. (2) 74(3), 639-656 (2006) 

33. Mori, I.: Symmetry in the vanishing of Ext over stably symmetric algebras. J. Algebra 310(2), 708- 
729 (2007) 

34. Miiller, B.J.: The classification of algebras by dominant diinension. Canad. J. Math. 20, 398^09 
(1968) 

35. Nagata, M.: Local rings. Interscience Tracts in Pure and Applied Mathematics, No. 13. Interscience 
Publishers a division of John Wiley & Sons New York-London (1962) 

36. Nakayama, T: On algebras with complete homology. Abh. Math. Sem. Univ. Hamburg 22, 300-307 
(1958) 

37. Nasseh, S., Yoshino, Y.: On Ext-indices of ring extensions. J. Pure Appl. Algebra, online 6 January 
2009, 8 pp. Preprint. arXiv:0712.2866vl [math. AC] 

38. §ega, L.M.: Vanishing of cohomology over Gorenstein rings of small codimension. Proc. Amer Math. 
Soc. 131(8), 2313-2323 (2003) 

39. Smal0, S.O.: Local limitations of the Ext functor do not exist. Bull. London Math. Soc. 38(1), 97-98 
(2006) 

40. Tachikawa, H.: Quasi-Frobenius rings and generalizations. QF-3 and QF-1 rings. Springer- Verlag, 
Berlin (1973). Notes by Claus Michael Ringel, Lecture Notes in Mathematics, vol. 351 

41. Weibel, C.A.: An introduction to homological algebra, Cambridge Studies in Advanced Mathematics, 
vol. 38. Cambridge University Press, Cambridge (1994) 

42. Yamagata, K.: Frobenius algebras. In: Handbook of algebra, vol. 1. pp. 841-887. North-Holland, 
Amsterdam (1996) 

43. YekutieU, A., Zhang, J.J.: Rings with Auslander dualizing complexes. J. Algebra 213(1), 1-51 (1999) 



